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I. INTRODUCTION
Parallel manipulators or in-parallel actuated mechanisms, which consist of one or more closed kinematic chains, have the advantages of high stiffness, good dynamic characteristics, and precise positioning capability [ 11. A revolute-jointed five-bar mechanism is the only example of the multi input mechanisms having practical importance, especially for following any arbitrary planar curve precisely which can not be realized with single degree of freedom mechanisms such as four-bar and slider crank mechanisms [l- 
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When designing high-speed mechanisms such as a parallel manipulator, a special attention should be paid to the inertiainduced force (shaking force) and moment (shaking moment) transmitted to the mechanism frame. If their magnitudes and directions change throughout the operation of the mechanism, the mechanism will vibrate undesirably, and consequently, its
There is a wealth of literature on the dynamic balancing of dynamic performance will be unsatisfactory. Therefore, the single degree of freedom mechanisms [7-lo] , static balancing designer's main concern is either to completely eliminate them of planar and spatial parallel manipulators [11, 17] , and or to ensure that their magnitudes and directions do not change optimisation procedures based on the minimization of the force The five-bar planar manipulator considered in this study is shown in Fig. 1 , where its two joints (A and E) connected to the ground are active and the others are passive joints. The input motions of the active joints can be independent from each other or be provided via a set of gears maintaining a specified phase angle between the two active joints [6]. Analytical expressions for the coordinates of the output point C, where the end effector is connected, are obtained for the provided joint inputs 8, and e,, and the specified link lengths L,,L,,L,,L,, L, and the angle a, [16] . It must be noted that for a parallel RRRRR manipulator, L, = L, and L, = L, . The angle a, and the radial distance Ri describe the mass center G, ofthe i"1ink.
III. FORCE ANALYSIS
The aim of the force analysis is to obtain analytical expressions for the forces acting on the bearings A, B, C, D, and E, and driving torques required to move the mechanism with a variable speed. For the sake of brevity, the free-body diagrams of the links are omitted here. It is assumed that there is no fiction in the system. The forces F,, FAY , F,, FBy , F,, FQ , F,, Fm , F,, FEY acting at the joints and the driving torques T~ and T* are obtained from the dynamic force and moment equations written for each link of the manipulator. The resulting equations may be represented in a matrix-vector form; where M, F, and F, denote the square matrix of known mechanism dimensional parameteis and joint angles, the vector of unknown forces and torques, and the vector of gravitational and inertial forces, and inertial torques, respectively.
N. FORMULATION OF OPTIMUM BALANCING
A dynamically balanced mechanism requires that the shaking force and the shaking moment, which are due to moving inertia of the system, transmitted to the M e of the mechanism are zero. This is an ideal requirement that cannot be satisfied with the mass redistributi'on only. This follows that, as it has widely been reported in the literature [8, 20, 21] , the complete shaking force and shaking moment is possible with the addition of some auxiliary linkages. This of course will increase the number of links and increase the burden on the actuators and bearing forces. Another possible solution is to minimize their magnitudes about their average values.
A. Shaking Force Balancing Requirements
The shaking force can be expressed as the time rate of change of the linear momentum OS the system with respect to a point in the mechanism frame [2:3]. This follows that if the linear momentum of the mechanism is constant throughout its operation range, the shaking force transmitted to the frame is zero. The linear momentum LA of a system consisting of 'n' interconnected rigid bodies is;
The shaking force transmitted to' the h m e is then The exponential term elQ3 (or elo2 ) is extracted fiom (7), and then substituted into (6). Now, the position vectors in (6) are substituted into (4) fiom which the position vector describing the overall mass center of the mechanism is obtained as m,R L m,R,e"' +-eJn3 +m,L,
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After taking the first time derivative of (8) and substituting into (5), the analytical expression for the linear momentum of the system is obtained as;
If the coefficients of (jOl)eJB' become zero, the linear momentum of the system will be zero. To this end, the following shaking force balancing conditions are found; This is an important observation for the mass distribution of links 2 and 3, which have to obey (16) for shaking force balancing. Depending on the mass and the link length ratios, R, is evaluated in terms of negative R2 , which implies that the locations of the mass centers for link 2 and link 3 are separated from each other by 180'. This might restrict the usable workspace of the manipulator. However, this can be avoided by imposing tight constraints on the sizes of the radial distances R, andR,. The remaining four conditions (Eqs.l0, 11, 14, 15 ) are imposed as the constraints which must be satisfied by the balancing parameters while minimizing an optimisation function described in the next subsection. It must be noted these are the same as the conditions for static balancing [17] .
B. Shaking Moment Balancing Requirements
The shaking moment of a system is the time rate of change of the total angular momentum of the system about a pivot point in the mechanism frame. For the mechanism considered in this study, the pivotal point of the first joint is taken as the reference point for the angular momentum. The angular momentum H A of a system consisting of 'n' interconnected rigid bodies is;
The angular momentum of the planar mechanism considered in this study is perpendicular to the plane of the movement and is given by; where about an axis perpendicular to its mass center. The shaking moment transmitted to the frame is is the mass moment of inertia of each moving link (IG), +m,R: +m,R,L, cos (8, -8,  +m,R,L, cos(a, -8, -a 3 ) +m,L: +m,R,L, cos (8, -8 , -a , ) -8, -a , ) + m , L , L , cos(e, If the mechanism is driven with a constant angular velocity, the angular momentum of the system can be constant (consequently the shaking moment is zero), provided that the 'cosine' terms in Eq.20 have either a zero or a constant numerical value. In practice, it is almost impossible to satisfy these conditions simultaneously without adding auxiliary linkages to the original mechanism [20-221. Alternatively, a partial shaking moment balancing can be achieved by minimising the amplitudes of the 'cosine' terms. With this in mind, an optimisation procedure can be employed to minimize the deviation of the angular momentum from its average value throughout the mechanism range of motion.
C. Objective Function
As a force balanced mechanism increases the magnitude and variation of the bearing forces and most importantly shaking moment and the driving torques, the following objective function is adopted here 
D. Constraints
In order to limit the solution, the objective function is subjected to the following constraints, in addition to the constraints imposed by Eqs. 10,11,14,15: 0 I a , 2180'' for z = 1 -4 , Hence, dynamic balancing of the manipulator is formulated as a constrained nonlinear optimisation problem. A computer program based on a sequential quadratic programming method is prepared to accomplish the constrained mininlization of the OF as a h c t i o n of the balancing parameters, startirig with an initial value for each parameter.
V. NUMERICAL RESUITS AND DISCUSSION
It is well known that a mechanism with a poor geometry and transmission angles, which is the angle p between L, and L, of Fig. 1 , will be likely to have an unsatisfactory performance. With this in mind, the link lengths of the mechanism are obtained from another optimisai-ion procedure based on the minimization of the overall deviation of the condition number of the manipulator Jacobian matrix from the ideaVisotropic condition number throughout the workspace of the manipulator It is also assumed that the manipulator follows a cycloidal motion profile while it operates between30' I 8, 2390" , 8, = 0.86,, with step sizes of 5' (i.e., n = 72). A cycloidal motion profile, which has smooth first and second order derivatives, and a finite third derivative, is expressed by Such a motion profile does not impart any sudden motion to the manipulator. We use a perfomlance criterion to evaluate the efficiency of the balancing procedure, which we call SumSquared Value (SSV):
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where G indicates each of the dynamic quantities (i.e., the bearing forces, the driving torques, the shaking moment, the angular momentum, and the shaking force) involved in the balancing procedure. Depending on the value of the weighting factors, different combinations of the five components of the objective function described by (21) are used to determine the balancing parameters. Twelve sets of optimisation results are obtained for the same initial conditions and these are given in Table I . Note that the units are arbitrary length, mass, and mass moment of inertia units. But the units for the angles are radian. These values describe the numerical values of the balancing parameters (mi, R~, (I, )*,a, ) . AS typical representatives of optimisation results, the variation of the reactionhearing forces with 6, is depicted in Fig. 2 for the solutions given in the second (Case a), fourth (Case c), and sixth (Case e) rows of the Table I . The corresponding driving torques, shaking moment, angular momentum, shaking force, and linear momentum variations are provided in Fig. 3 .
When the shaking moment and the driving torque components of the OF are not considered during the optimisation procedure (Case e), not only the bearing forces, but also the driving torques increase significantly, as seen in the plots indicated with 'e' in Figs. 2 and 3. This follows that a force-balanced mechanism does not necessarily require less powerful and smaller actuators to move the mechanism [11, 17] . When the shaking moment and the dnving torque components of the OF are considered together with the ground reaction forces (Case j), it is found that the resulting SSVs are comparable to those of 'Case a'. When the shaking moment component only (Case g) is considered, both bearing forces and the driving torques increase dramatically; comparing their SSVs with those of the 'Case j'. When the variation of the angular momentum from its average value is considered in io, 0, LO, 01 Table I. io, 1,0,0,01 Table I .
VI. CONCLUSIONS
We have presented an optimum dynamic balancing method based on the minimization of the sum squared values of the bearing forces, driving torques, shaking moment, and the deviation of the angular momentum from its mean value throughout a practical operation range of the manipulator, provided that a set of balancing constraints consisting of shaking force balancing conditions, the sizes of inertial and geometric parameters are satisfied. Sets of optimisation results corresponding to various combinations of the elements of the objective function are accomplished in order to quantify their influence on the resulting bearing forces, the driving torques, the shaking moment and force associated with the parallel manipulator. The results prove that the proposed optimisation approach can be used to minimize any desired combination of the forces, moments, and torques involved in the parallel mechanism by choosing a suitable set of weighting factors. The method is systematic, versatile and easy to implement for the optimum dynamic balancing of parallel manipulators.
